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Abstract— The purpose of the present paper is to construct a family of ruled surfaces with Frenet frame of an arbitray non-cylindrical and 

regular ruled surface in Euclidean 3-space. We study the most important characteristic properties of that special family of ruled surfaces 

such as the Guassian curvature, the mean curvature, the striction curve and give their associated characterizations. Moreover, we apply 

our study for special regular and non-cylindrical ruled surfaces whose striction curve is the unit circle, the general circular helix and the 

general non-circular helix, respectively. 

Index Terms— Euclidean 3-space, Frenet frame, geodesic curvature, geodesic torsion, Gaussian curvature, mean curvature, normal 

curvature, ruled surface, striction curve,.   

——————————      —————————— 

1 INTRODUCTION                                                                     

N the classical differential geometry, the study of special 
surfaces and their properties is one of the most principal 
aims. The well-known types of special surfaces are helicoid, 

rotational, cyclic, canal, revolution, ruled surfaces...and are 
useful in many domains of applications, such as mathematical 
physics, moving geometry, kinematics and the domain of 
Computer Aided Geometric Design (CAGD). 
    Ruled surface [9] is one of the most special and fascinating 
surfaces which is defined by the moving of a straight line (rul-
ing) around a curve (base curve). An important number of 
studies of ruled surfaces has been realized with special frames. 
Effectively, in [5], the authors have studied ruled surface with 
Frenet frame of a regular curve, they have investigated its 
properties and gave examples of ruled surfaces with Frenet 
frame of general and slant helices in euclidean 3-space. A few 
years ago, in [2,4], the authors have studied ruled surface with 
Darboux frame in euclidean 3-space, but in [6] it have been 
studied in Mikonwski 3-space. Recently, in [1] ruled surface 
and its properties have been studied with Alternative moving 
frame in euclidean 3-space where an important part has been 
investigated for examples of ruled surfaces with alternative 
moving frame of general and slant helices. Frenet frame of 
ruled surface [8], is one of the remarkable frames which has 
interested many researchers by the propreties that it is defined 
along the striction curve of a non-cylindrical ruled surface and 
it have been studied with different methods and with which 
many important new definitions and characterizations of 
ruled surfaces have been investigated such as slant ruled sur-
face [3, 7]. 
    In this work, we are interested in Frenet frame of ruled sur-
face. Therefore, we construct and study special family of ruled 
surfaces with Frenet frame and which is defined precisely by a 
linear combination of Frenet frame vectors of an arbitrary non-
cylindrical ruled surface in euclidean 3-space. Moreover, we 
present a part of applications of our study, in which we give 
examples with illustrations in the real Euclidean 3-space ℝ³ of 
special ruled surfaces whose striction curve is the unit circle, 
the general circular helix and the general non-circular helix.  

2  PRELIMINARIES 

Let be I and E³ an open interval of ℝ and an euclidean 3-space, 
respectively. A ruled surface   is a special surface generated 
by a continuous moving of a line along a curve and has the 
parametrization 

     sqvscvs , , 
 

 where the curve  scc   is called base curve of ruled surface 
and  sqq   is a unit direction vector of an oriented line in 
E³ whose various positions are called rulings.. 
The unit normal vector denoted by  vsmm ,  on ruled sur-
face   at a regular point  vs,  is given by 

 
    vsvsvsm  , ,                       (1) 

 
Where ss    and vv   . 

 
The first I and the second II fundamental forms of ruled sur-
face   at a regular point  vs,  are defined respectively by 

 
  ,2 22 GdvFdsdvEdsdvdsI vs   
  ,2 22 gdvfdsdvedsdvdsII vs   

 
Where ,,,,

22

vvss GFE    
and .0,,,,,  mgmfme vvsvss   
 

The Gaussian curvature K  and the mean curvature H of   
at a regular point  vs,  are given respectively by: 

 
 ,22 FEGfK     .22 2FEGFfGeH   

 
Definition:  A regular surface is developabele (resp. minimal) 
if its Gaussian curvature (resp. mean curvature) vanishes iden-
tically. 
 
The normal curvature n  the geodesic curvature g  and the 
geodesic torsion g  of a regular curve on a regular surface are 
defined respectively by: 
 

I 
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,',,',,', nTnTTnTn ggn    
 
where n  and T  are the unit normal of surface along the 
curve  scc   and the unit tangent of the curve  scc  , 
respectively.  

 
Definition:  A regular curve on a regular surface is an asymp-
totic line (resp. geodesic curve, resp. principal line) if its nor-
mal curvature (resp. geodesic curvature, resp. geodesic tor-
sion) vanishes identically. 

 
Supposing that   is a regular and non-cylindrcal ruled sur-
face with 1q . If v  infinitely decreases, then along a ruling 

0ss  , the unit normal m approaches a limiting direction. 
This direction is called the asymptotic normal (central tangent) 
direction denoted by  0sa  and from (1) defined by 

 
           .'',lim 00000 sqsqsqvsmsa v    

 
The point at which the unit normal of   is perpendicular to a 
is called the striction point (or central point) C and the set of 
striction points of all rulings is called striction curve of the 
ruled surface which we can denot by  s   and it is de-
fined by 

            .'','
2

sqsqsqscscs   
 

The vector h defined by qah   is called central normal 
vector. Then the orthonormal system  ahqC ,,;  is called 
Frenet frame of the ruled surface   where C  is the central 
point and ahq ,,  are unit vector of ruling, central normal and 
central tangent, respectively. The set of all bound vectors 
 sq  at origin O  constitutes a cone which is called directing 

cone of ruled surface  . The end points of these unit vectors 
circumscribe a spherical curve 1k , called the spherical image 
of the ruled surface whose arc is denoted by 1s . The derivative 
formulae of Frenet frame of ruled surface   with respect to 
the arc s are given by 

 
,' 1hkq    ,' 21 akqkh    ,' 2hka   

 
Where dsdsk /11  , dsdsk /32   , and 31, ss  are the arcs 
of the spherical curves 21,kk  circumscribed by the bound vec-
tors  sq  and  sa .  

3 FAMILY OF RULED SURFACES WITH FRENET OF AN 

ARBITRARY NON-CYLINDRICAL RULED SURFACE IN 

EUCLIDEAN 3-SPACE 

 
Let be   a non-cylindriclal and regular ruled surface of class 

 3kCk
 in the euclidean 3-space 

3E  defined by  
 

     ,,: svqsRIvs          1sq ,    (2) 
 

where  s   and  sqq   are a normal parmetrization 
of its striction curve and the directing vectors of its rulings, 
respectively.  
 
Considering the family of ruled surfaces defined in 

3E  by 
striction curve and Frenet frame vectors of ruled surface ϕ de-
fined in (), as follows  

 
          ,, 321 saxshxsqxvsvs          (3) 

 
Where 21, xx  and 3x  are three constants satisfying  

.12

3

2

2

2

1  xxx   
 

 s   is the striction curve of  , it verifies 
0','  q , then 0,'  h , which means that '  be-

longs to the plan generated by both vectors q  and a . There-
fore, we can write  

,' 21 aq    
 

Where  sIs 11 :    and  sIs 22 :    are two 
real functions satisfying 12

2

2

1  . 
Differentiating (3) with respect to s and v , respectively, we 
get 
 

     akvxhkxkxvqkvxs 2222311121   , (4) 
axhxqxv 321  ,                                                     (5) 

 
then, the unit normal denoted by  vsnn ,  on the family of 
ruled surfaces defined in (3) at a regular point  vs,  is giv-
en by 

    ,, XXvsnn vsvs   
Where 
 

      ,12132122 avCxhvBxxqvAxX  
 

      ,
2

12

2

1321

2

22 vCxvBxxvAxX  
 
where   ,2

2

3

2

2131 kxxkxxA    13212 kxkxxB  , 
  2311

2

2

2

1 kxxkxxC  . 
 

 From (4) and (5), the components E , F  and G  of the first 
fundamental form of   at a regular point  vs,  are given 
by: 

 
      2

2311

2

2

2

1

2

2

2

1122221 kxkxkkxvkkvxE  
,2311  xxF    1G . 

 
Differentiating s  and v  in (4) and (5) with respect to s  
and v , we get 

 
   akxkxkkxvss 23111121 ''    

 
   hkkxkxkxvkk 2

2

2

1223112211 ''    
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  akxkxvkkvx 23112222 ''   , 
 

  akxhkxkxqkxvs 22231112  , 
 
Then, from these last and (1), the components e , f  and g  of 
the second fundamental form of   at a regular point  0,s  
along its base curve  s   are given as follows 

 
        ,''0, 1321221112212 Rxxkkxse    

 
        ,0, 132123112112

2

2 Rxxkxkxkkxsf  
 
  .00, sg  

 
 Where    .

2

1321

2

2  xxxR   
 

Consequently, from these last and the components of the first 
fundamental form, the Gaussian curvature K  and the mean 
curvature H  of the family of ruled surfaces defined in (3) at a 
regular point  0,s  of the base curve  s   are investi-
gated as follows: 
 
        ,/0, 42

132123112112

2

2 RxxkxkxkkxsK    
 
        3

132122211221

2

2 2/'0, RxxkkxsH    
 
        ./ 3

132123112112

2

22311 Rxxkxkxkkxxx  
 

Corollary:  
 Ψ is developable along the base curve   if and only if the 
curvatures 1k  and 2k  satisfy the equation  
     .0132123112112

2

2   xxkxkxkkx  
 
Corollary: 
Ψ is minimal along the base curve   if and only if the curva-
tures  1k  and 2k  satisfy the equation  
    1321221112212 ''  xxkkx   

 
  21122311

2

22 kkxxx    
 

    .02 132123112311

2

2   xxkxkxxxx  
 
Another hand, denoting by 0n  and T  the unit normal on   
at a regular curve point    ss  0,  and the unit tangent 
of  s   at the point  s . 
We have 
 

     ,/0, 221321220 Raxhxxqxsnn    
 

.21 aqT    
 

From these last we get 
 

      ,
2

2321

2

2232112132120  xxxaxxhxqxxTn  (6) 
 

  ,''' 222111 ahkkqT                                         (7) 
 

     ,'
232

1321

2

20  xxxNaMhLqn                (8) 

     2

1321

2

21321122 '  xxxxxkxL   
 

     ,'' 1321132122  xxxxx   
 

     2

1321

2

2132121122 ''  xxxxxkkxM     
 
          ,''

2

13211321  xxxx   
 

     2

1321

2

21213212 '  xxxxxxkN   
 
            .'' 1321132112  xxxxx   
 
Consequently, from (6), (7) et (8), the normal curvature n , 
the geodesic curvature g  and the geodesic torsion g  of 

 s   on ruled surfaces defined in (3) are investigated, 
respectively as follows: 

 
      ,/'' 2211132112212 Rkkxxxn    

 
   ,/' 221122311 Rkkxxxg    

 
     ./ 4

13212213212 RNxxMxLxxg  
 
Where 

 
Corollary: 

 s   is an asymptotic line for Ψ if and only if  
     .0'' 2211132112212  kkxxx   

 
Corollary: 

 s   is a geodesic curve for Ψ if and only if  
    .0221122311  kkxxx   
 
Corollary: 

 s   is a principal line for Ψ if and only if  
    .013211213212  NxxMxLxx   

 
Another hand, when   is non-cylindrical,i.e., 

    0
2

2311

2

2

2

1

2

2  kxkxkkx , its striction curve denot-
ed by  s   is obtained as follows: 
 

   axhxqxSkkx 32122112   , 
 

Where    2311

2

2

2

1

2

2 kxkxkkxS  . 
 

Which implies the following corollaries: 
Corollary: 
  is the striction curve of   if and only if 

.02211  kk   
 
Corollary: 
  is the striction curve of the family of ruled surfaces defined 
by      ,, 31 axqxvsRIvs    
where .12

3

2

1  xx  

4 APPLICATIONS 
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In the following part, we presente study of some examples of 

the family of ruled surfaces which is defned in (3). We investi-

gate its properties and give illustrations of some special ruled 

surfaces in the family studied using the MATLAB software. 

The .rst, the second and the third example are given with non-

cylindircal and regular ruled surface whose striction curve is 

the unit circle, the circular helix and the general non-circular 

helix, respectively. 
 
Example 1:  
Considering the non-cylindrical and regular ruled surface 

 3

1

2

1

1

11 ,,    defined in ℝ³ by the unit circle 
 0,sin,cos1 ss  as its striction curve, as follows: 

 
  ,sin2cos1 svs   

 
  ,cos2sin2

1 svs  
 

.23

1 v  
 

Its Frenet frame         sashsqs 1111 ,,;  the associated cur-
vatures 1

1k and 2

1k  and the functions 1

1 and 2

1  are given, 
respectively by: 

 
  ,1,cos,sin21 ssq    

 
 ,0,sin,cos sssh   

 
  ,1,cos,sin21 sssa   

 
,21,21,21 2

1

1

1

2

1

1

1  kk  
 
Hence, the special family studied ¹Ψ of ruled surfaces which is 
constructed with Frenet frame of ¹ϕ and its characteristic prop-
erties are given respectively by 
 

                  .,,, 3

1

2

1

1

11                           (9) 
 

Where  
 

  ,cos1 21

1 svx  
 

   ,sin2/1 312

1 sxxv   
 

  .2313

1 xxv   
 

       ,20,
22

31

2

2

22

3

2

1

1 xxxxxsK   
 
          ,210,

232

31

2

2

2

3131

1 xxxxxxxsH   
 

    ,2/
2

31

2

231

1 xxxxxn   
 

  ,22
2

31

2

22

1 xxxxg   
 

,0g  
 
 1

3

1

2

1

11 ,, µµµµ  , 

 
Where   
 

       ,cos2sin2/2cos 231

2

31

2

23121

1 sxsxxxxxxxxvsµ   
 

       sxsxxxxxxxxvsµ sin2cos2/2sin 231

2

31

2

23122

1  , 
 

    .22
2

31

2

23123

1 xxxxxvxµ   
 
In the following, some illustrations of some special ruled sur-
faces which are defined in the family (9) 

 
 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

 
 
 
 
 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Fig. 1. Ruled surface 1
 with 

0,1 321  xxx . 

 

Fig. 2. Ruled surface 2
 with 

0,1 312  xxx .  

 

Fig. 3. Ruled surface 1
 with 

.31321  xxx  
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These above figures are ploted with 
     4,42,2, vs . 

 
Example 2:  
Considering the non-cylindrical and regular ruled surface 

 3

2

2

2

1

22 ,,    in ℝ³ defined with the general helix  
 

        ssss 2,2cos,2sin2/12  , 
 

 as its striction curve as follows: 
 

      ,22cos2sin211

2 svs   
 

      ,22sin2cos212

2 svs   
 

  .23

2 vs   
 

Its Frenet frame         sashsqs 2222 ,,; , the associated 
curvatures 1

2k  and 2

2k  and the functions 1

2  and 2

2  are 
given, respectively by 
 

 ,1,sin,cos212 ssq   
 

    ,0,2cos,2sin2 ssh   
 

    ,1,2sin,2cos212 ssa   
 

,12

2

1

2  kk  ,01

2   .12

2   
 

Hence, the studied family of ruled surfaces, which is con-
structed with Frenet frame of 2  and its characteristic proper-
ties are investigated, respectively by 

 
                            ,,, 3

2

2

2

1

22                             (10) 
Where 

          ,2sin22cos2sin21 2311

2 sxsxxvs 
 

          ,2cos22sin2cos21 2312

2 sxsxxvs 
 

    .22 313

2 xxvs   
 

       ,0,
22

1

2

213

2

1

2

2

2 xxxxxxsK   
 

       ,220,
232

1

2

213

2

1

2

231

2 xxxxxxxxsH   
 

,2

1

2

21

2 xxx    
 

,2

1

2

22 xxxg   
 

,13   
 

 ,,, 3

2

2

2

1

22 µµµµ   
 
Where 
 

         ,22sin22cos
2

31

2

223121

2

1

2 xxxsxsxxxµ  
 

         ,22cos22sin
2

31

2

223122

2

2

2 xxxsxsxxxµ  
 

    .222
2

31

2

23123

2

3

2 xxxxxxµ    
 
In the following, some illustrations of some special ruled sur-
faces which are defined in the family (10) 

 
 

 

Fig. 4. Ruled surface 1
 with 

0,21 321  xxx .  

 

Fig. 5. Ruled surface 1
 with 

.0,21 231  xxx  

 

Fig. 6. Ruled surface 1
 with 

31,31 231  xxx .  
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These above figures are ploted with  
     4,4,, vs , and the following values of the 
constants   

 

Fig. 7. Ruled surface 2
 with 

0,1 321  xxx .  

 

Fig. 8. Ruled surface 2
 with 

0,1 312  xxx .  

 

Fig. 9. Ruled surface 2
 with 

,31,31 231  xxx .  

 

Fig. 10. Ruled surface 2
 with 

0,21 231  xxx .  

 

Fig. 11. Ruled surface 2
 with 

31321  xxx .  

 

Fig. 12. Ruled surface 2
 with 

32,0,31 321  xxx .  
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Example 3: 

Considering the non-cylindrical and regular ruled surface 
 3

3

2

3

1

33 ,,    defined with the non-circular general he-
lix  3

3

2

3

1

33 ,,    as its base and striction curve as fol-
lows: 
 

       ,5ln2cos255ln2sin2ln2cos21

3 svsss 
 

       ,5ln2sin255ln2cos2ln2sin22

3 svsss 
 

.5523

3 vs   
 
Its Frenet frame         sashsqs 3333 ,,; , the associated 
curvatures 1

3k  and 2

3k  and the functions 1

3  and 2

3  are 
given respectively by 

 
      ,1,ln2sin2ln2cos2513 ssq   

 
    ,0,ln2cos,ln2sin3 ssh   

 
      ,2,ln2sin,ln2cos513 ssa   

 
 ,541

3 sk    ,522

3 sk    ,01

3   .12

3   
 

Hence, the studied family of ruled surfaces which is construct-
ed with Frenet frame of 3  and its characteristic properties are 
investigated, respectively by 

 
                        ,,, 3

3

2

3

1

33                           (11) 
Where 
 

             ,ln2sin5ln2cos2ln2sin2ln2cos552 2131

3 sxsxxvsss 
 

             ,ln2cos5ln2sin2ln2cos2ln2sin552 2132

3 sxsxxvsss 
 
   .5252 313

3 xxvs   
 

         ,22540,
2

2

1

2

2

2

311

2

2

23 xxxxxxssK   
 
        ,52220,

232

1

2

2311

2

231

3 xxsxxxxxxsH 
 

  ,52 2

1

2

21

3 xxsxn   
 

  ,52 2

1

2

22

3 xxsxg   
 

 ,543 sg   
 

 ,,, 3

3

2

3

1

33 µµµµ   
 
Where 
 

         ,ln2sin5ln2cos222105 213

2

31

2

221

3

1

3 sxsxxxxxsxµ  
 

         ,ln2cos5ln2sin222105 213

2

31

2

222

3

2

3 sxsxxxxxsxµ    
 

    ,22210 31

2

31

2

223

3

3

3 xxxxxsxµ    
 

In the following, some illustrations of some special ruled sur-

faces which are defined in the family (11) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Fig. 15. Ruled surface 3
 with 

32,0,31 321  xxx .  

 

Fig. 14. Ruled surface 3
 with 

0,1 312  xxx .  

 

Fig. 13. Ruled surface 3
 with 

0,1 321  xxx .  
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These above figures are ploted with      4,42,10, 3 vs .   
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Fig. 18. Ruled surface 2
 with 

31321  xxx .  

 

Fig. 17. Ruled surface 3
 with 

0,21 231  xxx .  

 

Fig. 16. Ruled surface 3
 with 

31,31 231  xxx .  
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