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Special Family of Ruled Surfaces in Euclidean 3-
Space

Soukaina Ouarab, Amina Ouazzani Chahdi

Abstract— The purpose of the present paper is to construct a family of ruled surfaces with Frenet frame of an arbitray non-cylindrical and
regular ruled surface in Euclidean 3-space. We study the most important characteristic properties of that special family of ruled surfaces
such as the Guassian curvature, the mean curvature, the striction curve and give their associated characterizations. Moreover, we apply
our study for special regular and non-cylindrical ruled surfaces whose striction curve is the unit circle, the general circular helix and the

general non-circular helix, respectively.

Index Terms— Euclidean 3-space, Frenet frame, geodesic curvature, geodesic torsion, Gaussian curvature, mean curvature, normal

curvature, ruled surface, striction curve,.

1 INTRODUCTION

N the classical differential geometry, the study of special

surfaces and their properties is one of the most principal

aims. The well-known types of special surfaces are helicoid,
rotational, cyclic, canal, revolution, ruled surfaces..and are
useful in many domains of applications, such as mathematical
physics, moving geometry, kinematics and the domain of
Computer Aided Geometric Design (CAGD).

Ruled surface [9] is one of the most special and fascinating
surfaces which is defined by the moving of a straight line (rul-
ing) around a curve (base curve). An important number of
studies of ruled surfaces has been realized with special frames.
Effectively, in [5], the authors have studied ruled surface with
Frenet frame of a regular curve, they have investigated its
properties and gave examples of ruled surfaces with Frenet
frame of general and slant helices in euclidean 3-space. A few
years ago, in [2,4], the authors have studied ruled surface with
Darboux frame in euclidean 3-space, but in [6] it have been
studied in Mikonwski 3-space. Recently, in [1] ruled surface
and its properties have been studied with Alternative moving
frame in euclidean 3-space where an important part has been
investigated for examples of ruled surfaces with alternative
moving frame of general and slant helices. Frenet frame of
ruled surface [8], is one of the remarkable frames which has
interested many researchers by the propreties that it is defined
along the striction curve of a non-cylindrical ruled surface and
it have been studied with different methods and with which
many important new definitions and characterizations of
ruled surfaces have been investigated such as slant ruled sur-
face [3, 7].

In this work, we are interested in Frenet frame of ruled sur-
face. Therefore, we construct and study special family of ruled
surfaces with Frenet frame and which is defined precisely by a
linear combination of Frenet frame vectors of an arbitrary non-
cylindrical ruled surface in euclidean 3-space. Moreover, we
present a part of applications of our study, in which we give
examples with illustrations in the real Euclidean 3-space R3 of
special ruled surfaces whose striction curve is the unit circle,
the general circular helix and the general non-circular helix.

2 PRELIMINARIES

Let be I and E? an open interval of R and an euclidean 3-space,
respectively. A ruled surface ¢ is a special surface generated
by a continuous moving of a line along a curve and has the

parametrization =
#(s,v)=c(s)+va(s).

where the curve C = C(S) is called base curve of ruled surface
and  =((S) is a unit direction vector of an oriented line in
E? whose various positions are called rulings..

The unit normal vector denoted by M = MLS, V) on ruled sur-
face ¢ ata regular point ¢(S, V) is given by

m(s,v)=(¢, x4 )/I4, <4 o
Where ¢, =8¢/aS and @, :8¢/8v.

The first I and the second II fundamental forms of ruled sur-
face @ at a regular point @S, V) are defined respectively by

| (¢.ds + ¢,dv) = Eds? + 2Fdsdv + Gdv?,
I1{¢.ds + ¢, dv) = eds® + 2 fdsdv + gav?,

whers -l F g 40 Sl

and e = (g, m), f =(¢,,,m

ss?
The Gaussian curvature K and the mean curvature H of ¢
at a regular point ¢(S, V) are given respectively by:

K=—12/(EG-F?), H = (Ge-2Ff )/2(EG - F?)

Definition: A regular surface is developabele (resp. minimal)
if its Gaussian curvature (resp. mean curvature) vanishes iden-
tically.

The normal curvature P, the geodesic curvature p, and the
geodesic torsion 9g of a regular curve on a regular surface are
defined respectively by:
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P, =(nT, p, =(nxT,T",6, =—(nxT,n’),

where N and T are the unit normal of surface along the
curve C= C(S) and the unit tangent of the curve C=C\S),
respectively.

Definition: A regular curve on a regular surface is an asymp-
totic line (resp. geodesic curve, resp. principal line) if its nor-
mal curvature (resp. geodesic curvature, resp. geodesic tor-
sion) vanishes identically.

Supposing that ¢ is a regular and non-cylindrcal ruled sur-
face with q| =1.1f V infinitely decreases, then along a ruling
S =S, the unit normal M approaches a limiting direction.
This direction is called the asymptotic normal (central tangent)
direction denoted by a(so) and from (1) defined by

m(so ’ V) = (q(SO)x q (50 ))/”q (So )||

The point at which the unit normal of ¢ is perpendicular to a
is called the striction point (or central point) C and the set of
striction points of all rulings is called striction curve of the
ruled surface which we can denot by £ = f(S) and it is de-

fined by ,5(s)=c(8)—(<C $).q'(s))/ ||ql(s)|2)q(s)

The vector h defined by h=ax( is called central normal
vector. Then the orthonormal system {C;q,h,a} is called
Frenet frame of the ruled surface ¢ where C is the central
point and (], h,a are unit vector of ruling, central normal and
central tangent, respectively. The set of all bound vectors
g(S) at origin O constitutes a cone which is called directing
cone of ruled surface ¢. The end points of these unit vectors
circumscribe a spherical curve kl, called the spherical image
of the ruled surface whose arc is denoted by S, . The derivative
formulae of Frenet frame of ruled surface ¢ with respect to
the arc s are given by

q'=k;h, h'=-kg+k,a, a'=-k,h,

a(SO) = Ilmv+

Where k —dS /ds, k —dS /ds , and S,,S; are the arcs
of the spherlcal curves kl, K, Clrcumscrlbed by the bound vec-
tors Q(S) and a(s
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Let be ¢ a non-cylindriclal and regular ruled surface of class

c* (k 2 3) in the euclidean 3-space E® defined by

¢:(s,v)e Il xR B(s)+vq(s), [a(s)=1

where [ = ﬂ(S) and (= q(s) are a normal parmetrization
of its striction curve and the directing vectors of its rulings,
respectively.

Considering the family of ruled surfaces defined in E® by
striction curve and Frenet frame vectors of ruled surface ¢ de-
fined in (), as follows

W(s,v)= Bls)+v(xd(s)+ x;h(s)+x;a(s), @)

Where Xl, X% and X, are three constants satisfying
X+ X+ X2 =1.

L= ,B(S) is the striction curve of ¢, it verifies
<f',9>=0, then < ',h>=0, which means that ' be-
longs to the plan generated by both vectors (] and a. There-
fore, we can write

f'=a0+a,a,

Where ¢ :S €l I—)Ocl(S) and L, sel I—)O{Z(S) are two
real functions satisfying &, + 0{2 =

Differentiating (3) with respect to Sand V, respectively, we
get

xf1 )0+ v(xk, — Xk, h+ (e, +vx.k, Ja, )
‘P x1q+x +X;a, (5)

then, the unit normal denoted by N = n(s, V) on the family of
ruled surfaces defined in (3) at a regular point ‘W(S,V) is giv-

en by
n=n(s,v)= (¥ x ¥, /[, < ¥, = X/|X],
Where

X =(=x,0, +VA)q + (X0, — %,04 +VB)h +(x,0, —VC)a,

X]= \/(‘ oty +VA)2 + (%0, — X;01 +VB) +(x,0, —~VC’,

ch:herx +x21j<< ~(x2 2+x 2K, B=%,(xK, +x.K,),

From (4) and (5), the components E, F and G of the first
fundamental form of ¥ at a regular point ‘P(S, V) are given

by:

E =1+ 2vx,(a,k, —ayk, ) +V [x (k2 +K2)+ (xlkl—xskz)zJ
F—Xa1+Xa2, G=1.

Differentiating
and V, we get

{Xz kl '+k1 (Xlkl X

Y, and ¥, in (4) and (5) with respect to S

k)il
X, (k2 + K2 )h

‘Pss = [al -V

ke, — ke, + ik, —Xok, -
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1 ] 1 2 2
+ [0(2 VXK, +VK, (X1k1 - Xskz) a, L= _[Xzaz +k1(X1a2 — X )](Xz + (XlaZ - Xsal) )
W =Xk 0q+ (X1k1 — XK, )h +x.ka, T X0, (XlaZ —X0n )(Xiaz — X )’

Then, from these last and (1), the components €, f and g of M = [— X, (0{2 k, +a kK, )+ X, 0, =X '](XZ:Z + (Xla2 — X )2)
the second fundamental form of V' at a regular point ¥'(S,0

along its base curve [# = [3(S) are given as follows - (X10£2 '—X?)Oll')(Xloc2 — X )2 ,
1 1 1 2 2
e(s,O) = [Xz(%az 0,0 )+(k10t1 - kzaz)(xﬂz - X3a1)]/R, N = [kz (XlaZ - X3al)+ X, ](Xz + (XlaZ - XSal) )
2 1 1

f(s,0)= [Xz (atak, +ak, )+ (k= Xk, X0, = %ot )]/R , =X, (%@, %o, Ny = Xo0t,)

g(s,0)= 0. Consequently, from (6), (7) et (8), the normal curvature P,
5 the geodesic curvature p, and the geodesic torsion &, of

Where R = \/ X22 +(X10:2 - Xsal) . p= ,B(S on ruled surfaces defined in (3) are investigated,

respectively as follows:
Consequently, from these last and the components of the first
fundamental form, the Gaussian curvature K and the mean Pn = [X2 (alaz '—0!2051')+ (chl2 — X0 )(alkl — a2k2 )]/ R,
curvature H of the family of ruled surfaces defined in (3) at a
regular point ‘P(S,O) of the base curve f# = [(S) are investi- Py = [XlOZl X, + X, (alkl - a2k2 )]/ R,
gated as follows:

K(,0)=—[x2(er,k, +ak, )+ (xik, — x5k, XX, — X, )/ RY,
H (S,O = [Xz2 alaz '—a2a1)+ (klot2 -k,a, )(Xloz2 — X0 )]/ 2R®

0, = o, (%2, — X501 )L+ XM —a, (X, 22, — X304 )N]/R*.
Where
Corollary:

- (Xlot1 +X;a, )[X22 (0{2 k, + ok, )+ (Xlk1 - %K, XXlol2 =X )]/ R®. pL=p (S) is an e'lsymptotic line for W if and only if
X5 (051052 —0,0 )+ X0, — X0 )(alkl —a,k;)=0.

Corollary:

Y is developable along the base curve [ if and only if the Corollary:

curyatures K, and k, satlsfy the equation p=p (S) is a geodesic curve for W if and only if

X2 (crk, + alk )+ (xlk K, X0, — X, ) = 0. (x4 + X, )+ %, (K, — .k, )=0.

Corollary: Corollary:

W is minimal along the base curve [ if and only if the curva- [ =/ (S) is a principal line for W if and only if

tures K, and K, satlsfy the equation a, (X10£2 — X0 )L+ X,M — 0{1(X1052 — X30{1)N =0.

X (alaZ 0‘2“1 +(k1a1 Kot )(X1a2 - X3a1)
Another han when W is nopn-cylindrical,i.e.,

((kz + k +(X k — X3 k ) #0, its striction curve denot-
ed by 1= ,u S)is obtained as follows:

p= %, (— ok + sk, )/S]xa+x.h+xa],
Another hand, denoting by N, and T the unit normal on ¥

at a regular curve point ‘(S 0) = ,B(S) and the unit tangent Where S = X; (kl2 + k22 )+ (Xlk1 - X3k2 )
of f= ﬂ(S at the point f S).

=25 (%0 + Xe@, Nk, + ik, )
— 2x2 (X, + X401, XK, — %ok N X, — %o, ) = 0.

We have Which implies the following corollaries:
Corollary:
N, = n(s,O) = [— X,a,q + (Xlol2 — X0 )h + xzaza]/ R, p is the striction curve of ¥ if and only if

—ak +a,k, =0.
T =a,0+a,a.
Corollary:
From these last we get [ is the striction curve of the family of ruled surfaces defined
2 by (8,v)e I x R ,B(s)+v(x1q +X,),
yXT =2, 4ty -4, 1+ Xoh - (42, ~ X, B K+ (5, ~ 4,0, P (6)  where X2 + X

T'=a,"q+(ak —a,k, )h+a,'a, @
(La+ M Na) (¢ + (e~ 1, VTP

4 APPLICATIONS

1JSER © 2019
http://www.ijser.org



323

International Journal of Scientific & Engineering Research, Volume 10, Issue 5, May-2019

ISSN 2229-5518

In the following part, we presente study of some examples of
the family of ruled surfaces which is defned in (3). We investi-
gate its properties and give illustrations of some special ruled
surfaces in the family studied using the MATLAB software.
The .rst, the second and the third example are given with non-
cylindircal and regular ruled surface whose striction curve is
the unit circle, the circular helix and the general non-circular
helix, respectively.

Example 1:
Considering the \non-cylindrical and regular ruled surface
l¢ = 1¢111¢2 ,1¢3) defined in R® by the wunit circle
1 ; . -

,3 =(€0s5,5In S,0) as its striction curve, as follows:
'$=coss +(v/\/§)sin s,

', =sin s—(v/\/i)cos s,

g, =v/~/2.
Its Frenelt framel{1ﬂ(S);lq(S),lh(S),la(lS)} the alssociated cur-

vatures “K; and k2 and the functions "¢, and "«, are given,
respectively by:

q= (]/\/EXsin s,—0sS,1),

h=(coss,sinss,0),

a= (]/\/EX—sin ss,0055,1),

Y=k, =1/2, ey = 1/N2 e, =1/V2,

Hence, the special family studied 1% of ruled surfaces which is

constructed with Frenet frame of ¢ and its characteristic prop-
erties are given respectively by

= (e, ), 9)
Where
", = (14 x,v)coss,
Ly, = [l+v(xl - x3)/\/§Jsin s,
M, = v(x + %, )/2.
'K(s,0)= —(xf —X )2/(2x22 +(x, + X3)2)2 :
'H(s,0) = (x, + X, )((x1 —X, ) —1)/(2x§ +(x + %, f )3/2 :
o = (%, X, )26 + (%, + %,
'p, = —\/Exz/\/ng +(x, + %, ),
0, =0,

9

lIJ-:<1U4_a2U1a3I11)/

1JSER © 2019
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Where

"1 =00 s—2v[x2(x1 - xs)/(2x22 +(x - xg)z)l(x1 —X,)sins/¥2 +x, cos sl
", =sin s+2v[x2(x1—x3)/(2x§ +(x1—x3)2)l(x1—x3)cos $/7/2+x,sin sJ,
g =20 (5 + 5/ (22 + (% — % F ).

In the following, some illustrations of some special ruled sur-
faces which are defined in the family (9)

Fig. 1. Ruled surface "W with
X =1X,=%X=0.

Fig. 2. Ruled surface *¥ with
X, =1X% =X, =0.

Fig. 3. Ruled surface "W with

X, =X, =X, =1//3.
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2p(s)=(1/ 2)(sin(\/§s)—cos(\/§s) \/53),
as its striction curve as follows:
6, =1/ 2)sin(\/§s)—vcos(\/§s)/ J2,
¢, =—(1/ 2)cos(\/§s)— vsin(\/zs)/ J2,
¢, =(s+v)/V2
Its Frenet fzrame {2 ﬁ(S);Zq(S),zh(S),za(S)i, the asgociated

curvatures kl and k2 and the functions “¢; and “«, are
given, respectively by

, I 20 =1/~/2(~coss,—sins1),
Flg: ;R;iei jl/lr\fgfxg = ZJV 1 ) *h = (sin(\/zs),—cos(\/is)o),
*a=1/2 (cos(ﬁs) sin(\/is)l)

’k, ="k, =1, *a, =0, *ar, =1.

Hence, the studied family of2 ruled surfaces, which is con-
structed with Frenet frame of “¢ and its characteristic proper-
ties are investigated, respectively by

2y = (2w, 29, 2w, ) (10)
gv‘gfri (1 2)sin(\/§s)+ v[(— X, + X, )cos(\/is)/ J2+x, sin(\/is)l
W, =—(Y 2)005(\/§s)+ vl(— X, + X, )sin(\/is)/ J2-x, cos(\/is)l,
Fig)‘(f": R)‘:ei ]S;j%c’exlz\i gith 2y, = (s/ V2 )+ v(x, +x;)//2.

2K (5,0)=—[(x2 + X2 = %, )/ (2 +x2 ),
2H(s,0) = —[x, +2x,(x2 + %2 — x3x1)]/[2(x§ +%} )3/21
ﬁ%::_xz/ngz;?1

0 =1,

=, ),
Where

Fig. 6. Ruled surface "W with

X, =X, =1/\3,x, =—1/43. 20 =B, - X, [(— X, + chos(ﬁs)/ﬁ +X, sin(ﬁs)J/[szz + (%, — X, )21
21,=28, - X, | X, + %, )sin[v2s) V2 - x, cosy2s )/ [2x2 + (%, - x, )]
? U3:2133 ) (Xl X3 )/[2\/5)(5 + \/E(Xl =X )2 J

"flg’e\s/e):e]_ Sllzﬁ‘éen [X ﬁ%ﬁfs are ploted with

Example 2: In the following, some illustrations of some special ruled sur-
(zionsizlzering the r)on-cylindrical and regular ruled surface faces which are defined in the family (10)
3

P= @, ,2 in R® defined with the general helix
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Fig. 7. Ruled surface ¥ with
X =1LX,=%,=0.

Fig. 10. Ruled surface *¥ with

X :xgzl/ﬁ,x, =0.

Fig. 8. Ruled surface >¥ with
X, =L X =%,=0.

Fig. 11. Ruled surface >¥ with

X1=X2=X3=]/\/§~

Fig. 9. Ruled surface ¥ with

X =X :]/\/gixzz_]/\/éw

Fig. 12. Ruled surface °¥ with

X, =1/+/3,x, =0,x, =/2/3.

These above figures are ploted with
(S,V)E ]—H,H[X]—4, g[, and the following values of the
constants

IJSER © 2019
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Example 3: faces which are defined in the family (11)
Consi erinég the non-cylindrical and regular ruled surface
3. _ (3 3 ; ) .
¢=\"¢, @, ¢, | defined with the non-circular general he-
lix °f = Sﬂl,sﬁz ,Sﬂs as its base and striction curve as fol-
lows:

%, = 2s[cos(2In's)/2+sin(2In's)]/5v/5 - 2vcos(2In's)/+/5,
3%, =2s[sin(2In's)/2— cos(2In 5)]/5+/5 — 2vsin(2In's)/+/5,
%9, = 25//5+v/+/5.

Its Frenet frame {?’p(s);?’q(s),3h(s),3a(s)l, the associated

curvatures k1 and k2 and the functions "@; and "o, are
given respectively by

Fig. 13. Ruled surface °\P with
‘= (J/\/§X— 2cos(2Ins)—2sin(2Ins)1), X =1,%, =%, =0.

3h =(sin(2In's),—cos(2Ins),0),
(J/\/§Xcos(2 Ins),sin(2Ins),2),
%, =4/(\Bs) *k, =2/(\/5s) e, =0, *a, =1.

Hence, the studied family of ruled surfaces which is construct-
ed with Frenet frame of “@ and its characteristic properties are
investigated, respectively by

*a

= (w2, 0, (11)
Where
Y = (25/ 5\/§ICOS(2|H s)/2+sin(2lns]]+ v[(x3 —2xJoos(2Ins /5 +x,sin(2In s)l Fig. 14. Ruled surface > with
by = (23/ 5\/§lsin(2Ins)/2—cos(2In s)]+v{[x, - 2¢ jsin(2ins) 5 - x,cos(2ins) X =1% =%=0.

Sy, = 25//5+v(x, +2x,)//5.

*K(5,0) = —{4/5s? )[2x22 %, (2% =, )f /[x2 + %2 ]2 ,
*H(s,0)=—x, + [2x3 (2x22 + %, (2%, — X, ))]/l\/gs(xg + X )3/2 J
*p,=— 2x1/\/§[s(x§ + X7 )]

py =— 2x2/\/§[s(x22 +x )]

%0, = 4/(\5s)

3 p= (3 L, ,3|J.2 ,3},13 ), Fig. 15. Ruled surface W with
Where X1=]/\/§,X2=0,X3= 2/3.

=" - [xzﬁs/ (10x22 +2(2x - x3)2)1(x3 —2x Joos(2Ins)/\5 + x,sin(2In s)l
=", - [xzx/gs/ (10x22 +22x -x,f )l(x3 —2x,)sin(2Ins)//5 - x, cos(2In s)l
u,=p, — [xzs/(loxz2 +2(2%, — %, ) )kxl +2X,),

In the following, some illustrations of some special ruled sur-
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Fig. 16. Ruled surface °¥ with

X =X :]/\/é,xzz_]/\/ﬁ_

Fig. 17. Ruled surface °F with

X, =Xy :1/\/§,x2 =0.

Fig. 18. Ruled surface >V with

X, =X, =X, =1/+/3.
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